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Abstract

Via Carleman estimates we can prove uniqueness and continuous de-
pendence results for solutions to overdetermined ill-posed linear integro-
differential parabolic problems. Similar results can be proved for ill-posed
linear differential parabolic problems with deviating arguments. The overde-
termination is prescribed either in an open subset of the (geometric) domain
or on an open subset of its boundary.

1 Introduction

Severely ill-posed problems for PDE’s are well-known and studied as for unique-
ness and continuous dependence on the data. Each mathematician working with
PDE’s perfectly knows that the Cauchy problem for elliptic equations, the spa-
tial boundary (not the initial-boundary) problem for hyperbolic equations and the
backward initial-boundary problem for parabolic equations are ill-posed, i.e. the
contradict Hadamard’s celebrated definition of a well-posed problem that greatly
affected the Mathematics of the first half of the twentieth century.

On the contrary, in the second half of the last century a lot of interest, due to
the rushing on of Technology, was devoted to Inverse Problems, a branch of which
consists just of severely ill-posed problems, where severely means that no trans-
formation can be found in order to change such problems to well-posed ones, at
least, say, when working in classical or Sobolev function spaces of finite order.
Of course, in this situation lesser interest was devoted to severely ill-posed inte-
grodifferential problems or to differential problem with deviating arguments.
This paper is just devoted to shed some light on such problems, mainly on the
questions of uniqueness and continuous dependence on the data, two fundamental
topics for people working in Applied Mathematics.

More exactly we will deal here with four parabolic problems, three of them being
integrodifferential, the remaining being differential, but with deviating arguments.
In both problems no initial condition will be supplied. It will be replaced by
the requirement that the “temperature” w should either assume: (i) prescribed
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values u(t,z) = wuo(t,z) for all (¢t,2) € (0,T) X w w being a subdomain of the
spatial domain 2 where the parabolic equation is assigned. or (ii) should satisfy
prescribed Cauchy conditions on the lateral boundary of €2, Problems of this type
seem, to the author’s knowledge, not to have been yet studied, but in [20] and [21].
More exactly, in [20] the case (i) is studied for both an integrodifferential equation
and a differential equation, but with deviating arguments. Instead, in [21] the
case (ii) is analyzed for several integrodifferential problems and two differential
equations with deviating arguments. The motivation of these papers is to collect
some information about the general problem stated in Subsection 1.3 of this paper.
The main task of this paper consists in finding out estimates in L? for the traces
u(to, +), to € (0,T], of our solution in terms of suitable norms of the data as well as
in showing that the unique continuation property holds for our ill-posed problem
(cf. Remark 2.2 in Subsection 2.2). As far as unique continuation for PDE’s is
concerned, we quote the papers [1], [5], [10], [11], [12], [13], [17], [23], [24], [25].
The fundamental tool to give some positive answer to our problem will be deduced
by adapting to our case Carleman’s celebrated estimates for PDE’s - of use both
in Control and Inverse Problem Theory -.

1.1 Plan of the paper

Section 1 is devoted to exhibiting general parabolic integrodifferential ill-posed
problems with an additional condition on a open subset of 2 and showing the
related (admissible) linear integral operators. Most of them are, at present, open
problems. Section 2 is concerned with the unique extension property and the
solvability - i.e. with uniqueness and continuous dependence on the data - of
one of such problems via Carleman estimates related to the associated differential
operator. Section 3 deals with similar questions for a differential equation with
deviating arguments. Sections 4 and 5 are devoted to integrodifferential ill-posed
problems when the Cauchy condition is given on a part of the lateral boundary.
They are concerned with the same questions as above.

1.2 A second-order linear operator

Let w and €2 be two bounded open sets in R™ such that w CC ), when needed dw
and 99 being of C'-class, with suitable I. Let A(z, D) be the (formal) uniformly
elliptic linear operator, with principal part in divergence form, defined by

n n
Az, D) = > Duai;(@)Da;] + Y aj(@)Da; + ao(x),
i,j=1 j=1
where
ai; €CYQ), i,j=1,....n, a; €L®(Q), j=0,...,n,

n

> aij(@)6& > mlel", x€q, E€R™

,j=1

150



for some positive constant ju;.

1.3 The general linear ill-posed problem

The question we are concerned with consists in solving a parabolic integrodiffer-
ential (or differential) problem when the initial condition is missing. To overcome
this big trouble - making our problem ill-posed - we need to have at our disposal at
least a suitable additional information. In this case our fundamental aim consists
in recovering, at least, the uniqueness of the solution and its continuous depen-
dence on the data in suitable metrics to be determined. To fix ideas, we will be
concerned with the problem of estimating the trace u(to,-), to € (0,T), of the
solution® u : [0,T] x Q — R to the problem

Dyu(t,z) — A(x, D)u(t, x)

= Bou(t,z) + Ku(t,z) + f(t,z), (t,z) € (0,T) x Q=: Qr,
u(t,x) = uo(t,x) + Bru(t, ), (t,x) € (0,T) X w,

u(t,z) = g(t, z) + Bou(t, z), (t,x) € (0,T) x 09,

(IpP)

where f € L2((0,T) x ), up € L?((0,T) x w), g € L2((0,T) x 9Q) and K, By,
By, By are linear operators with domain in L2(Q) defined by

Ku(t,z) = k(t,z)u(t, px), pe(0,1),

Bou(t,z) = /_ ko(t,z, s, y)u(s,y) d(v1(s) x v2(y))

T

+ [ oa(t..p)u(t. ) dua(o),
Q
B]u(t7 I) :/ ij(i,LE,S,y)U(S,y) deU(y)
(0,T)xT

+ / kj,Q(tvxvy)u(say) dO’(y)7 ] = 1727
r

I' being an open subset in 9Q and v;, j = 1,2,3, standing for three positive
measures such that

v € {6t7m1}7 te (07T)7 Vo,V3 € {617mn}: T e Q7 (l/17y2) 7& (6t76t)
v3 € {0z, 0,mn},

Here §, my and o denote, respectively, the Dirac measure, the k-dimensional
Lebesgue measure and the surface Lebesgue measure.

Lin a sense to be made precise for each specific problem. Similarly the open set Q will be

assumed to be convex with respect to 0, if needed.
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Remark Of course, I' could be a (smooth) submanifold in 99, e.g., a curve in
0, when n = 3. 0O

2 The first (interior) ill-posed problem

In this section we consider a particular case of problem (IP) 2. We assume that
By = By = O - O denoting the null-operator - so that our task consists in esti-
mating the trace u(to,-), to € (0,T), of the weak solution u : [0,T] x Q@ — R to the
problem

Dyu(t,z) — A(z, D)u(t, x),

(1P1) = B(u)(t,z) + f(t, x), (t,z) € (0,T) x Q@ =: Qr, 2.1)
u(t,z) = uo(t, x), (t,z) € (0,T) x w,
u(t,z) = g(t, x), (t,x) € (0,T) x 09,

where f € L*((0,T)x), uo € H'((0,T); L*(@))NL*((0, T); H'(w)), g € HY/*1/2((0,T)x
0Q) and B = By is the linear operator with domain in L?(2) defined by

Bu(t,z) = /Q kot 2, p)ult,y) dy,  (t,) € (0,T) x O9. (2.2)

First of all we need to recall the Carleman estimates related to problem (2.1) when
B is dealt with as a perturbation of the differential operator D; — A(z, D). For
this purpose, taking [16] into account, we know that it is possible to construct a
function

¥ e C*(Q), ¥(z) >0, Yz € Q, [Vi(z)] >0, Vo € Q\ w. (2.3)

Introduce then the functions g x : [0,7] x @ — R4 and agx : [0,T] x @ — R_,
depending on the parameters 8 € [2,+00) and A € [1,400), defined by

() M) _ 2o _
wpa(t,z) = TR aga(t,z) = I (t,x) € (0,T) x Q, (2.4)
where || - || denotes the norm in L*°(Q) and
1(t) =t(T —t).

Making use of the Carleman estimate in [16], related to the differential case B = O,
any weak solution u € H*((0,T); L*(Q)) N L2((0,T); H(Q)) of (2.1) satisfies the

2For the missing computations and proofs the reader is referred to [20].
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following estimate: there exist Ao > 0 and a positive constant C' > 1 such that for
any X > Xg there exists So = 59(\) > 1 such that

s / et x)|u(t, 3:)|2 exp [2sag A (t, z)] dtdx

457t / v a(t, z) 7 Vu(t, z)|? exp [2sag (¢, )] dtdx

Qr

IN

€57 [ paa(t.) 2 |B)(t, ) exp 2505t 0)] dtds
Qr

+Cs/ wpA(t, z)|uo(t, x)|? exp [2sag A (t, )] dtdx
(0, T)Xw

+Cs7? / @t ) 2| f(t, 2)]? exp [2sap (L, x)] dids
QT

_ —1/4
+Cs UZH@@,,\/ gexp(aga) | a2 o) xo0)

+0s7 2o X g explap) | omyxo, Vs 250, (25)

Our first task consists in determining sufficient conditions on the operator B en-
suring the estimate

/ ) v a(t, x)fQ\B(u)(t, z)|2 exp [2sap \(t, z)| dtdx

< Co/ gogy,\(t,m)|u(t,:c)|2exp [2sap a(t, z)] dtdx

+ 4 / v (t, x) 7 Vul(t, x)\Q exp [2sag z(t, z)] didz, (2.6)
Qr

so that the term containing B(u) can be absorbed by the first two integrals in the
left-hand side in (2.5).

Since in our case u is known on the sub-cylinder (0,7) X w, we easily deduce the
following equality, where 0=0 \ w:

Bu(t7x) :/ﬁko(t,x,y)u(t,y)dy—k/ko(t,x,y)uo(t,y)dy

= Bau(t,z) + Bou(t,z), (t,x) € (0,T) x Q. (2.7)

Remark We can now explain more clearly why our problem (IP) is severely ill-
posed, if we assume, for the sake of simplicity, that ug € H'((0,7); L*(w)) N
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L2((0,T); H%(w)). Indeed, problem (IP1) can be rewritten in the following form:
Dyu(t,z) — A(z, D)u(t, )

(p1) { Bau(t,) + f (¢, @), (t,z) € (0,T) x Q,
u(t,z) = uo(t, ), Dnu(t,z) = Dpuo(t,z), (t,z) € (0,T) X Ow,
u(t,x) = g(t, ), (t,x) € (0,T) x O,

where f(t, ) = f(t,2)+ Byuo(t, ). In this problem the initial condition is missing
and is replaced by the Cauchy condition on the inner surface (0,7) x dw of the
open cylinder (0,7) x Q. Tt is well-known that prescribing the Cauchy condition
on the surface (0,T) x Ow makes problem (IP1) severely ill-posed. Concerning this
question see, e.g., the book [4] and the papers [3, 7, 8, 9, 15, 18]. 0O

Owing to formula (2.7), we can rewrite inequality (2.5) in the form

s/ et x)lu(t, z)|? exp [25ap (¢, )] dtdz
Qr

+ 371/ ws.(t, )7 | Vu(t, z)|* exp [2sap A (t, z)] dtdx

Qr

< Cs_Q/A wg,k(t,$)_2|B§u(t,x)|2exp (250 A (t, )] dtdx

+Cs72 / wpA(t, ) 72| Buuo(t, )| exp [2sap A (t, z)] dtdx
(0,T)Xw

+ terms involving the data, Vs > 3p.

Finally, the kernel k¢ has to be determined so as to satisfy condition (2.6).
First we assume that, for some v € R4, the kernel ky satisfies

Koi= sup 1) [\ko<t,x,y>|dy<+m. (2.8)
(taz>€@T Q

From (2.8) and the simple inequality

1/2 . ) 1/2
[ lrolt, . w)ett )l dy < K510 70 [ ot w)llo(e ) dy]

we easily deduce the estimates

2
| eantta) 2 explzsasattal] [ [kt o )ote]dy deds
Qr Q
S KO[ (pﬁﬁ)\(tay)il‘v(tyy)ﬁ dtdy/\hO,ﬂ,s,)\(tw’[:O-zy)‘ko(t7'r70—7y)|d‘rv (29)
Qr JQ
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where the kernel hg g s,» is defined by
ho,gs A (2, y) = 1) Vst ) 2ot y) " exp (2s[apa(t, z) — aga(t )]}
Assume now that kernel kg satisfies the additional condition
sup ~ /Aho,ﬁ,s,A(t, x,y)|ko(t,z,y)| dy =: K1 < 4o0. (2.10)
(s:t,y)€[1,400)xQr /2

Under conditions (2.10), from (2.8), (2.9) we easily deduce the desired estimate

/A ps.(t, z)72|Bu(t, z)|* exp [2sap a(t, z)] dtdx

< KoK, /A ot o) u(t, z)|? exp [2sap.(t, )] dtdz. (2.11)
Qr

We try now to simplify conditions (2.10). For this task first we note that
aga(t,z) — apa(t,y) = U(t) " {exp M (2)] — exp M (y)]} < 0 = v(z) < P(y).
Consequently,

0<t<T,z€Q, yeQ, o) <o@y) =

ho,gsa(t: 2, y) < UHY ™Y exp {=A2¢(x) + ¥ (y)]}-

Whence we deduce

/ ho,,s A (t, T, y) ko (¢, 2, y)| dz < l(t)?’ﬁ’”/A ko (t, 2, y)| dz.
{z€Q: ¢ (x)<(y)} Q

Let now assume
ko =0on Egp = {(t,z,y) € (0,T) x Q@ x Q: ¢(y) > ¥(z)}, (2.12)

This implies the following representation for B:
Butto) = [ olt.ulty) dy (213)
Qy ()

where

Qu(a) ={y € Q: v(y) <P(a)}, zeQ

Therefore, we can conclude that, under condition (2.8), inequality (2.10) is fulfilled,
if kernel ko satisfies the following inequality for some pair (5,\) € [2,+00) X
[1,400) and a positive constant K7:

/wwmmmsmmww,mwe@. (2.14)
Q
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Choose now s to be a solution to the inequalities
P 1 ~
Cs *KoK, < 38 < s > max{2CKK1,50} =: so-

Therefore, owing to (2.7), the term containing Bu can be absorbed from the first
integral in the left-hand side in (2.5). Then from (2.5) and (2.11) we deduce

1
55 / wpa(t, ) |u(t, z)\z exp [2sag (¢, )] dtdx
Qr

1
+5571/ wpalt, )T Vu(t, )| exp [25ap A (t, )] dtdz
T

< Cs_g/ vs(t, x) 72| Byuo(t, z)|* exp [2sap A (t, )] dtdz
(

T)Xw

+ s/ e A(t, x)|uo(t, z)|? exp [2sap a(t, z)] dtdx
(0,T)xw

+ 0572 / Ppat, @) 2 |f (1 2) | exp [2s0,(t, 7)) dide

Qr

_ —1/4
+ 0525 N gexplap )l m/aareo.mxon)

1/4+1/8
A

+Cs o gexp(apa)llLzo.r)xo0) = Ji(s, w0, f,9), s = 0. (2.15)

We collect the result of this subsection in the following theorem

Theorem 2.2  Let the kernels ko satisfy conditions (2.8), (2.12), (2.14). Then
the weak solution u to problem (IP) satisfy the Carleman estimate (2.15).

2.1 A continuous dependence result

Using the techniques developed in [6] we can estimate the trace u(to,-) in L?(Q)
for all to € (0,7]. More precisely, we can estimate u in C((0,7]; L?(£2)). For this
purpose, we have to introduce in some way the missing initial condition at ¢ = 0.
This can can be done by the aid of the auxiliary function

Ve = Us(u - g)u
where g denotes now a fixed extension of the previous g to H*((0,7); L?(R2)) N
L2((0,T); H'(Q2)). Moreover, {oc}c(0,1/4) is a family of functions in W°°((0, T);
[0,1]) defined by

o.(t) =0, t €[0,eT], o0.(t) =1, t € 2T, T).
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First we need the following lower and upper bounds for functions g ) and
Oég, s

1) <gpalt,z) < MVl=i)=F,
,[e”\IIme _ ekwm}l(t)fﬁ < aﬂ,x(tﬂf) < ,[emuwnm _ e/\\lw\lm}l(t)fﬂ7

where (t,2) € Qr and ¥, = min g ¥(z).
Observe now that, for s € [sg,2s0] and (¢,z) € Qr, we have

pia(t) ==exp{ — 4sgleP ¥l ewm]l(t)fﬂ} < exp [2sapa(t, T)]
<exp{ — 2s0 [emw“"“ - e/\””’”“’]l(t)_ﬁ} =: p2.(%). (2.16)

Consequently, from (2.15)-(2.16), with s € [sg, 2s¢], we easily deduce the estimate

1 e Ml y (T , 5 )
max { 550, b [ 0t ey + 100 1V ults Va1 (0) de

T
<c / 1) pa (D)o (t, )2 dt
0

T n
0 [ [s530U Miey + 3 170 |
j=1

) + Hl—1/4+1/ﬁ

+ C[Il* poxgll /a2 0,7y x 00 P29\ L2 (0,1 x00) |- (2.17)

Since 0. commutes with B, i.e. o.(t)Bu(t,z) = B(o.u)(t,x), it is a simple task
to show that v. solves the following initial and boundary-value problem:

Dive(t,z) — A(x, D)ve(t,z) = DBue(t, ) + ol(t)u(t, z)
(DP) +9:(t, ) + f(t, ), (t,z) € (0,T) x Q,
v:(0,2) =0, x e,
ve(t,z) =0, (t,x) € (0,T) x 09,
where

f(),e :Usf(h ge = 0<9, ge = _Dtgs+A('>D)gs+B954

Recall now that —A(-, D) satisfies the following estimate for all v € H}(Q):

—(A(-, D)v,v) > p3|[Voll72(q) — pallvll7zq),

for some positive constants ps and jug.

157



Using standard energy estimates and denoting by (-, ) the usual inner product in
L3(Q), we get 3

Dyllve(t, ) 72() + pallVee(t, ) 72(q) — pallve(t )Tz

< (Bue(t, ), ve(t, ) + [Joe(t, ’)|‘L2(Q){||Ué(t)u(tv DIIEIe)

138 e + 1oz (2.18)

Assume now that the kernels kg satisfies also the inequality

Hy:= sup l(t)‘;/A\ko(t,;zc,y)|clav<—i—oo7 (2.19)
(t.y)€Qr Q

where 7 + ¢ < 2, Then it is well-known that the norm of Bgv.(t:) in L?*(2) can
be estimated by (HoKo)'/21(t)~" (cf., e.g., [19, Chapter 16]), x = (y + §)/2.
Therefore, integrating both sides of estimate (2.18) over the interval (0,7), T €
(0,T), we easily deduce the integral inequality:

)
Joe(r, ) 2oy + i3 / V0t ) 2y

-

< Doel) [ 1)t Wy e+ [ Ot
1 , 2eT )
tglotlmom [ Tt ) dt. (2.20
eT
Here we have set
1
Jo(02) = [a + 5 lloLl e oum) | (T2/4)° + (HoEo)/2,

Ke(t) = 19, M z2@) + 1t )l L2,

and have used the inclusion supp o’ C [T, 2eT].
Then, taking advantage of (2.15) and of the inequality

1) Ppia(t) > Ce,T) >0, tel[eT,2eT],

we can estimate u in terms of the data

2eT 2eT
/T IIu(t,~)Hizm)dtgC(e,T)*l/T 1) P pra()ult, )7 20 dt
< C(e,T)" " N(uo, £, 9)- (2.21)

3For the missing computations and proofs the reader is referred to [20].
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Finally, from (2.20) and (2.21) we deduce the fundamental integrodifferential in-
equality

T

o (7, Moy < Ja(00) / )" o 8, )2 dt + / e (O)e (1, ) e

+ J3(0L,u0. f,9), 7€ (0,T), (2.22)
where
J3(O-é7u0a f? g) = 20(57T)ilHo-;HLOC(O,T)Jl(u(Mf7g)' (223)

Then we need a simple variant of Theorem 4.9 in [2], with p = 1/2, which we
report here as a lemma.

Lemma 2.2 Let z be a nonnegative C(|0, T|)—function and let b, k be nonnegative
LY((0,T))—functions satisfying

t

2(t) <a+ /Olb(s)z(s) ds+ /01 k(s)z(s)Pds, te[0,T],

where p € (0,1) and a > 0 are given constants. Then for all t € [0, T

0 <o ([ o6s)05)

« {al_er(lfp) /Otk(s) exp ((%1)/03 b(o) do—> ds] e

From this lemma and the integral inequality (2.22) we immediately deduce the
estimate

1 T )
[[ve (T, ’)”LQ(Q) < exp ng(Jé)/O l(r)*h} {Jg(aé,uo7f’g)1/2

o1 [Cen[ = Loty [107 v arwas) 7, e @

In particular, for all 7 € [2¢T,T] from (2.17) we find the desired estimate for u:

1 T .
lu(r, Mz < llg(r Mz + exp [§J2(ag)/ 1)~ dr [ { (0L, w0, £,9)"/2
0

* % /OT exp {— %J2(U;) /()sl(r)7” dr] Ke(S) ds}l/z, (2.25)

Remark If ug =0, g =0 and f = 0, then Js3(o.,ug, f,,g) = 0 and k. = 0 so that
w=0in [2¢7,T] x Q for all € € (0,1/2). This implies v = 0 in (0,7] x Q. In
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particular, since u € H((0,T); L*(Q)) and H*((0,T); L3(Q)) — C([0, T); L*(2)),
we can conclude that v = 0 in Qp, i.e. that a unique continuation property holds
true for the solution to problem (2.1. 0

Remark By virtue of (2.20), (2.21), (2.24) we can also estimate the spatial gra-
dient Vu in L2((2eT,T) x Q), ¢ € (0,1/4), in terms of the data. 0

Remark Assume that Q is the ball B(0,73) containing the smaller ball B(0,r)
=w, 0 <7y <72. Define 9(z) = r2 —|z|2. Then function 1 satisfies all properties
in (2.5). Observe that condition

(@) > (), xy#BO,r) <= |z|<[|yl, x,yeB0,m)
Therefore the condition to be imposed on the kernel &y is

ko=0o0n Eyr = {(t,z,y) € (0,T) x Q x Q: x| < |y[}.

We conclude this subsection by stating the results so far proved.

Theorem 2.6 Let the kernel kg satisfy conditions (2.8), (2.12), (2.14) and (2.19),
with y,0 € [0,2) and v+ 0 < 2. Then the weak solution u to problem (IP1) satisfy
the continuous dependence estimate (2.25).

3 The second ill-posed problem

We consider here the ill-posed problem (IP) 4, where  is convex with respect to
x = 0 and the linear operator K is defined by the formula

Ku(t,z) = k(t, 2)u(t, px).

for some fixed p € (0,1) and a given function k € L>(Qr). Moreover, we assume
(1/p)w cC Q.
Since u = ug in (0,7T) X w, we immediately deduce that u(t, pz) = ug(t, pz) if, and
only if, z € (1/p)w. Whence we derive

Ku(t,z) = k(t, z)uo(t, pr)X(1/p)0 () + (2, x)u(t,pl’)xg\u/p)w (z)

= Kou(t,z) + Kiu(t, x).

4For the missing computations and proofs the reader is referred to [20].
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Assume that k satisfies, for all (¢,z) € (0,T) X (p€2) and s € [1, 4+00), the inequality
Pt p o)
@ﬂﬂ(tv x)l/Q
for a suitable positive constant Cy to be determined later on.
By a simple change of variables we easily deduce the following estimates, where

we have set @T,p =(0,T) x [\ (1/p)w]:

exp {slan(t, p~'2) — ax(tL o)} k(t,p'2) < Co,  (3.1)

/ ot 2) 2 Ku(t, 2)2 exp [2sa.1(t, 2)] dtda

T

< / wp(t, z) 2| Kouo(t, )| exp (250 A (¢, )] dtdx
(0,7)x(1/p)w

+ /A Pt 2) 2 K yult, o) exp [2sas. (¢ o)) dide. (3.2)
T

P

By standard computations we get

/A et z) 72| Kqu(t, )| exp [2sap \(t, z)] dtdx
Qr,p
< Cop_"/ @pA(t, ) exp [2sax(t, o)][u(t, z) | dtds

+Cip™" /Q 0pa(t, )" exp [25ax (t, 2)]|Vu(t, z)|? dtdz.
Therefore the term containing Kju in (3.2) can be absorbed by the the first two
integrals in the left-hand side in (2.5), with B = Ky + K3, if we choose
s> max{(CCop7")1/3,C’Clp7",§0} =: Sp.
To simplify condition (3.1) we note that
aplt p12) — apalt,2) = { exp P(p12)] — exp ()] Hi(H)
<0, if P(z) > P(p '),
{ >0, if p(p~lz) > P(2),

Since exp{2s[ag(t,p712) — ag(t,z)]} — +oo as s — +oo if t € (0,7) and
P(p™tz) > 9(z), we are forced to assume that k vanishes on (0,7) x Q(1, p),
where

(t,xz) € (0,T) x (pQ2\ w).

Qp,p) ={y € @\ (1/p)w : ¥(y) > Y (py)}- (3.3)
Further, observe that

PobPT0) T 113972 exp {~Mip(o™ 1) + 6(a) 2]} < UV
pp.A(t, )
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So, from (3.2) we get the following inequalities for all (¢,2) € (0,T) x (pQ\w) and
s € [1,+00):

palt,pta)”!
pA(t,z)1/?
<1t exp {A[—v(p x) + (@) /2] ki (t, o @) X pea(ppye (07 ).

Consequently, from (3.3) we conclude that the function & satisfies (3.1), if it does
for all (t,x) € (0,T) x (pQ\w) and s € [1,+00):

exp {slan(t, p~"2)] — ax(t,2)}k(t, p~'2)]

[k(t,2)| < Col(t)~*2Xx(QU, p)°), (3.4)

for some positive constant Cj.
Summing up, we have proved the following result.

Theorem 3.1 Let k € L>(Qr) satisty relation (3.4). Then Carleman estimate
(2.5) holds true for s > Sy, when the third integral is replaced by

/A wp(t, z)_2|K0u0(t, x)\Q exp [2sag (¢, z)] dtdz.
T

P
Then, proceeding as in Subsection 2.1, we can prove the following continuous
dependence result.
Theorem 3.2 Let k € L>®(Qr) satisfy assumption (3.4). Then problem (IP)
admits at most one solution u continuously depending on the data. More explicitly,
for all T € [2¢T,T], € € (0,1), the following estimate holds:

lu(r,)lz2() < lg(m)lz2) + Js(oL, uo, £,9)"/2 expla(ol)r/2]

+/ exp[Ja(a) (1 = 8)/21{19(t. MIr2(0) + 1F (t. ) L2 } dt,

0

where

~ 1
§=-Dig+olg+A(,D)g+ By, Ja(00) =+ Ck) + 3llozll=om),

J3(0‘2,U0,f7g) = 20(67T)71H0-2||L°°(O,T)J1(u07fag)a
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4 The first ill-posed problem with Cauchy
conditions on the lateral boundary

As in the previous sections for the problem we are dealing here no initial condition
will be supplied. It will be replaced by the requirement that the “temperature”
u should assume prescribed values on an open subsurface of the lateral boundary
(0,T) xT of (0,T) x 99, while the flux of u should either assume prescribed values
on (0,T) x 99 or should satisfy there a linear integrodifferential equation. In other
terms, u is required to solve a Cauchy problem on (0,7) x I' as well as to satisfy
additional conditions on the remaining part of the lateral boundary.

We consider the ill-posed problem consisting in estimating the trace u(to,-), to €
(0,7, of the solution u : [0,T] x Q — R to the linear integrodifferential parabolic
problem

u € H((0,T); L*(Q)) N L*((0, T); H*(2)),
Dyu(t,z) — A(z, D)u(t, z)

(IP2) <= Bu(t,z) + f(t, ), (t,z) € (0,T) x Q, (4.1)
u(t,z) = g(t, x), (t,x) € (0,T) x 09,
Dyyult, ) = Dyl ), (t.2) € (0,T) xT,
where
Bu(t,z) = /5 k(t, 2, y)u(t, y) do(y). (4.2)

Here D, denotes the conormal (outer) derivative related to the differential oper-
ator A(+, D) and T is an open subset in 92, while S is (open or closed) surface in
R", S C 0w\ T, where w C Q with dw € C'. Moreover, o denotes the Lebesgue
surface measure and g € H((0,7); L*()) N L?((0,7); H*(Q2)), while the kernel
k:(0,T)x QxS — R is measurable and, for the time being, separably integrable
with respect to x € Q and y € S.

Introduce the function

v=u-g, (4.3)

where u is the solution to problem (4.1). It is a simply task to show that v solves
the following boundary-value problem:
ve HY(0,7); L*(Q)) N L*((0,T); H*(Q)),
Dw(t,x) — A(xz, D)v(t,x) = Bu(t,z +~t,x, t,x) € (0,T) x Q,
(1P3) w(t, z) — Az, D)o(t, z) () + f(t,z), (t,z)€(0,T) (4.4)
v(t,x) =0, (t,x) € (0,T) x 09,
DVAU(tv 1') = 07 (t7 JC) € (O7T) X F7

where

f=7f—Dig+ A(-,D)g + By. (4.5)
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We need here the functions ¢y and a, defined by (2.4) with 8 = 1, where now
function 9 belongs to C*(Q) and satisfies (cf. [14]) the properties

Y(x) >0, 2€Q, |VY)|>pe >0, 2€Q, D, () <0, xcoQ\T, (4.6)

for some positive constant ps.

Since px(x) > 1 for all z € Q, by virtue of Lemma 4.4 in [16], with p = 0, we
obtain that any solution v € H'((0,7); L3(2)) N L((0,T); H*(Q) N H(Q)) to
problem (4.4) satisfies the Carleman estimate

3 /Q ) 1(6)~3|o(t, 2)|? exp [2sax(t, )] didz

+ s‘/ 1)~ Vu(t, z)|? exp [25a(t, x)] dtdz
+ 571/ 1(t)pa(z)™? [|Dtv(t,x)|2 + Z |Dy, Dy, v(t, z)|? | exp [2sa (¢, )] dtdz
Qr ij=1

<2C | Bo(t, z)|? exp 25 (¢, 2)] dtdz
Qr

420 / 17t 2)[2 exp [2san(t, 2)] dtdw, s > o, @.7)
T

where the positive constants C', A and 5 depend on p1, T', ||ag|| Lo (), llai,;
||Clj||Lso(Q)7 Z,] = 1, ey, Qand I
We now easily deduce the estimate 3,

/T exp [2504)\(1571')}‘ /5 |k(t, z, y)v(t, y)| da(y)r dtdx

L>()s

< K, / 1)~ [o(t, )2 dtdo(y) / 1(t) exp 250 (t, )] [k(t, 2, y) o, (4.8)
(0,T)xS 0
Ky and hgs,» being defined, respectively, by
Ko =ess Sup(t,:c)eQT/ |k(t, 2, y)| do(y) < +oo, (4.9)
s

ho,s x(t,z,y) = 1(t) exp{2s[axr(t, z) — ax(t, y)]} (4.10)
Assume now that kernel k satisfies the following additional condition

k(t,xz,y) =0, t€ (0,T7), ¥(z) > ¢¥(y), (z,y) € QxS (4.11)

sup l(t)/ |k(t, z,y)| dz =: K, (4.12)
(ty)€(0,T)x S Q

5For the missing computations and proofs the reader is referred to [21].
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for a suitable positive constant K. Then from (4.11) we get

/ hO,s,)\(tv z, y)lk(tv T, y)' dx = / hO,s,)\(t7 Z, y)|k(7‘v T, y)' dx
Q {zeQp(x)<y(y)}

<it) [ m )l de =10) [ Kol ds < K (413)
{zey(@)<P(y)} Q2
Under conditions (4.9) and (4.13), from (4.8) we finally deduce the estimate

/ |Bu(t, z)|? exp [2sa (t, )] dtdz

T
< KoK / 1)~ u(t, )| exp [2sax (t, 2)] dtdo(z). (4.14)
(0,T)xS
Then we need the following lemma.
Lemma 4.0 Let w C Q be an open subset such that dw € C'. Let w €

CH(w; [0, +00)) satisty |Vw(x)| < Cow(x) for all x € w. Then there exist three
positive constants Cy, and Cy such that

/ w(@)u(@)? do(z) < (Cy + Co) / w(@)u(@)? de
Aw w
+Cy / w(z)|Vu(z)|? dz, Yu € H'(w). (4.15)

In particular, if w(t,x) = ()L exp [2sax(t, )], then there exists a positive con-
stant C3 such that

/ w(t, ) u(t, 2)2 dtdo(z)

(0,T) x 0w

< / [C1 + CoCssl(t)Mw(t, 2)|u(t, z)|* dtdx
(0,T)xw

+ 02/ w(t, )| Vu(t,2)|? dtde, we L*((0,T); H'(w)).  (4.16)
(0,T)xw

Consequently, from (4.14 and (4.16 we easily deduce the estimate

/ |Bu(t, z)|? exp |25 (t, )] dtdx

T

< KoK, / [C11(t)? + CoC3sL()]1(t) 3 |u(t, 2)|? exp [2s0x (t, x)] dtdx

. T
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+ KoK1Cs / 1)~ | Vo(t, z)|? exp [2sax(t, )] dtde.

T

< iTQKOKl ET201 + 00035] / 1(t)73v(t, 2)|? exp [2scx(t, x)] dtdz

T

+ KoK / L) Vot 2) 2 exp [2san(t, o) dtda. (4.17)

T

We can choose now sg > 5 so as to satisfy the inequalities

1 1 1 C
ZT2KOK1 [ZTZOI + 00035] < 553, CoKoK1 < 58, Vs € (So,+00), (418)

C being the positive constant in estimate (4.7).
Then from (4.7) and (4.17) for s > sg we deduce the estimate

53/ 1) 3J(t, 2)|? exp [2sa (t, )] dtdx
+s/”l(t)71|Vv(t, 2)[2 exp [2sax (£, 2)] dtde

< / |F(t, 2)[2 exp 250 (t, 2)] dtd, s € (s0,4+00). (4.19)
T
So, we have proved the following theorem.

Theorem 4.1  Let the kernel k satisfy conditions (4.9), (4.11), (4.12). Then
the strong solution u to problem (IP2) satisfy the Carleman estimate (4.19), with
v=wu—g and s > so. In particular, problem (IP2) admits at most one solution.

4.1 A continuous dependence result

Since the derivation of the continuous dependence is similar to the one in Subsec-
tion 2.1, we limit ourselves here to sketching the needed procedure 6.

First we observe that the function v. = o.v, where v is the solution to problem
(4.4), solves the initial and boundary-value problem:

ve € HY((0,T); L*(Q)) N L2((0,T); H*(Q)),
Dyve(t,x) — A(z, D)ve (8, x)

(DP2) ¢ = Bu:(t,z) +o.(t)v(t,z) + f;(t,x), (t,z) € (0,T) x Q, (4.20)
v:(0,z) =0, x €,
D, ve(t,z) =0, (t,x) € (0,T) x 09,

SFor the missing computations and proofs the reader is referred to [21].
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where
f-=o0.f. (4.21)
Assume now that k satisfies an inequality stronger than (4.13, i.e.
Hy := ess sup(tyz)eQTl(t)”/ |k(t, z,y)| dx < +oo, (4.22)
Q
where % € (0,1/2). Indeed, in this case we have I(t) < (T?/4)!~*I(¢)".
Then, according to (4.11) and Sobolev embedding, from Holmgren’s inequality
(cf., e.g., [19, Chapter 16]), for all ¢t € (0,T"), we deduce the estimate
|Bue(t, ) p20) < (HoKo)21(8) ™" [Jve(t, )| £2(s)
< C(HoKo)'21(8) " [llv-(t, )l 2 () + [IV0=(t, ) z2e)]. (4.23)

Proceeding as in Subsection 2.1, we can deduce the desired estimate

1 T
Jox(r sy < et £ exp [ [ watr) o]
0

T 1 T
+/ exp [—/ Ke(t) dr] ke(t)dt, T €][0,T], (4.24)
0 2/
where
Ji(e,d’ f.9) = ol L= Cs(e, DI F132(0r):
Ke(t) = 2ps + [|oL]| oo (o) + 2C (HoKo)/21(t) ™"
+ g s + C(HoKo)l/zl(t)wJ{

for some positive constant Cs(e,T').
In particular, for all 7 € [2¢T,T] we find the desired estimate for u = v + g:

1 T
lu(r, ey < l9(r, Mz + Jiles ot £.9) 2 exp [ / e (r) dr]
0

+/OTeXp [% [ ReO)dr] | ot oo i, < € (0,1/4). (4.25)

Theorem 4.2 Let the kernel k satisfy conditions (4.11), (4.22), with k € [0,1/2).
Then the strong solution u to problem (IP) satisfies the continuous dependence
estimate (4.25).

Remark If f = g = 0, then Ji(e,0l,f,9) = 0 and k. = 0 so that v = 0 in
[2eT,T) x Qfor all e € (0,1/2). This implies u = g = 0 in (0,77 x 2. In particular,
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since u € H((0,7); L%(R2)) — C([0,T]; L*(Q)), we can conclude that u = 0 in
Qr, i.e. that a unique continuation property holds true for the solution to problem
(4.1). 0

5 The second ill-posed problem with Cauchy
conditions on the lateral boundary

We consider the ill-posed problem consisting in estimating the trace u(to,-), to €
(0,7, of the solution u : [0,T] x Q@ — R to the problem

u € HY((0,7); L*()) N L2((0,T); H*(%)),

(1P1) Dyu(t,x) — A(x, D)u(t,z) = f(t,x), (t,z) € (0,T) x 9, 5.1)
u(t,z) = go(t, z), (t,x) € (0,T) x 9,
D, u(t,z) = g1(t,x) + Bu(t, z), (t,x) € (0,T) x I,

where operator B is defined by (4.2) 7, while go € H'((0,T); L3(Q)) N L2((0,T);
H?(Q)) and g1 € L2((0,T); HY*(I")).
Introduce the function

v =1u— go, (5.2)

where u is the solution to problem (5.1). It is a simply task to show that v solves
the following boundary-value problem:

v € HY((0,7); L2(92)) N L*((0, T); H2(2)),

(IP5) Dyv(t,x) — Az, D)o(t,x) = f(t,), (t,z) € (0,T) x €, (5.3)
v(t,z) =0, (t,z) € (0,T) x 09,
D, v(t,z) = g1(t,z) + Bu(t, z), (t,z) € (0,T) x I,
where
f=F=Dig+A(D)g, Gi=g1+Bgo—Dusgo- (5.4)

Owing to Theorem 2.4 in [16], with p = 0, since |v(z) - n(z)] > § > 0 for all z €
09, we easily deduce that any solution v to problem (5.3) satisfies the Carleman
estimate

53/Q 1(t) 3 Jo(t, z)|? exp [2sa(t, )] dtdz

+s/ 1)1 |Vo(t, 2) 2 exp [25a (¢, 7)] dida

"For the missing computations and proofs the reader is referred to [21].
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+ 571/ 1) [|Dev(t, 2)|* + [Av(t, 2)[?] exp [2sa(t, )] dtda
< 20/ |F(t, 2)|? exp [2sx(t, x)] didx
Qr
+2Cs / 1)~ 11G1 (1, 2)|2 exp [2sax (£, 2)] dtdo(z)
(0,T)xI’

+ 205/ 1(t)"YBu(t, z)|? exp [2sax(t, z)] dtdo(z), s> 3. (5.5)
(0,T)xT

The positive constants C, A and 59 depend on gy, T, |lao|r=(), |la;llLec),
llajllLoe(q), 3,5 =1,...,n, Qand T
Consider now the estimate

/(O’T)XF 1(t) " exp [2s5ax(t, ©)] [/S |E(t, 2z, y)v(t, )| da(y)]2 dtdo(z)

< Ko/ 1)~ Yo(t, y)|? dtdo(y) / exp [2san (t, 2)]|k(t, z, y)| do(z), (5.6)
(0,T)xS T
Ky being defined by

K = esssupapcioys [ K2,)] do(y) < -+oc. (5.7)

Assume now that function ¢ satisfies, in addition to properties (2.3), also the
following

P(x) = const, x € N (5.8)
Then the kernel hg s, » defined by
hosa(t, 2, y) = exp {2s[an(t, ) — ax(t, y)]} (5.9)
satisfies
hosa(t,z,y) =1, z,y € 9Q (5.10)

Moreover, assume that k satisfies

esssup(t’y)e(O’TMF/ |k(t, z,y)| do(z) =: K. (5.11)
r

Consequently, we get

eSSSHp(t,g,)e(o7T)stho,s,)\(tvﬂfvy)‘k(@x’y)|dg(x)
= CSSSUP(t,y)e(O,T)xS/F |k(t, z,y)| do(z) < K;. (5.12)
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Under conditions (5.7) and (5.11) we easily deduce the estimate

/ 1(t)~YBu(t, z)|? exp [2sa(t, )] dtdo(z)
J(,7)xT

< KoK, / 1) Hu(t, )| exp [2saz(t, ©)] dtdo (). (5.13)
(0,T)x S

From Lemma 4.0 we deduce estimate (4.19). Consequently, we have proved the
following theorem.

Theorem 5.1 Let the kernel k satisfy conditions (5.7) and (5.11). Then the
strong solution w to problem (IP4) satisfies the Carleman estimate (5.5), with
v=u—go and s > sg, the last integral being dropped out. In particular, problem
(IP4) admits at most one solution.

Remark Though it is possible to give a specific procedure to construct function
¥ in dimension n satisfying properties (4.6) and (5.8), we omit it due to its length,

O

For lack of space we limit ourselves to stating our continuous dependence result
8

Theorem 5.3 Let the kernel k satisfy conditions (5.7) and (5.11). Then the
strong solution u to problem (IP4) satisfy the Carleman estimate (5.5), with v =
u—g and s > s, the last integral being dropped out. In particular, problem (IP4)
admits at most one solution.

6 Final remarks

As the reader will have already noted, treating nowhere non-vanishing kernels in
the integrodifferential case by the Carleman estimates is an open problem, also in
the case where the kernel does not vanish on a subset, with positive measure, of the
sets in (2.12) and (4.11). So, also constructing (simple?) counter-examples would
be an interesting task to understand more clearly which is the situation in a quite
new field of investigation. The very general problem exposed in Subsection 1.3
is, at present, a general framework where only very specific results are available.
Of course, in addition to the questions highlighted here, several other results for
integrodifferential problems without initial conditions are ready and will be sent
to mathematical journals, including also some results for parabolic differential ill-
posed problems with deviating arguments and with Cauchy boundary conditions
on a open subset of the boundary of the open set (2.

8For the missing computations and proofs the reader is referred to [21].
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This paper intends to focus the interest of mathematicians in this research area.
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