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Introduction

The main purpose of this Thesis is to investigate the numerical appro
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where � = �(x; t) is the density of cars, with � 2 [0; �max], (x; t) 2 R2 and �max is
the maximum density of cars on the road; f(�) is the 
ux, which can be written
f(�) = �v(�), with v(x; t) the velocity, that is tipically a smooth decreasing function
of �. The main di�erences in the mentioned papers is the way of treating tra�c
distribution at junctions, whereas the system is under-determined. In [8], Holden
and Risebro suggest a maximization condition on a 
ux functional to select a unique
solution to the Riemann’s problem at junctions. In [9], Klar proposes a multilane
model, where the solution is obtained trrs9.64em
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14 Introduction to the theory and the approximation of entropy solutions.

The above example clearly shows the weak formulation does not ensure the
uniqueness of the solutions. In general, it can be seen that, even starting from a
regular datum, there is not a unique way to extend the solution with the insertion of
a discontinuity. Actually the class of weak solutions includes various \nonphysical"
solutions which we want to exclude. Hence, we need to �nd some further
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Then for every pair (U; F ) we have the inequality:

(U(u))t
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The fundamental result is

Theorem 1.1.8 For each bounded measurable function u0, it exists at most one
entropy solution of the problem (1.1.1) and u 2 C([0;1);L1

loc(R)).

The properties of the solution are collected in the proposition below.

Proposition 1.1.9 Let u, v be the (oblem)Tj
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Theorem 1.1.13 (Solution of R
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1.2 Theory of discrete kinetic methods.

In Section 1.2.1 we follow [8], while the main reference for Section 1.2.2 is [12].
Here we present some results about relaxation approximations in the BV3087 Td24 06i4�rameTd
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u(x; 0) = u0(x); in R; (1.2.6)

where f is a locally Lipschitz-continuous
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Lemma 1.2.5 Let u1 and u2 be two entropy solutions of problem (1.2.5)-(1.2.6) in
R� (0; T ) for relative the right-hand side g1; g2 and the initial data, respectively, u0

1

and u0
2. Fix a; b 2 R, a < b, such that u1; u2 2 [a; b] in R � (0; T ). Then, for each

interval(1)Tj
/R48 11.9552 Tf
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Proposition 1.2.8 Under the assumptions of Theorem 1.2.7, for each interval
(�; �) and for almost every t 2 (0;min(�; T )), one has

nXX
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1.2.2 Relaxation limits for the Jin-Xin model and other
discrete kinetic approximations

Consider
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thus

v" = F (u")� "
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Using the standard discrete Jensen’s inequality it follows that condition (1.2.33) is
implied by condition (1.2.34).condition
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Theorem 1.2.13 Let u0 2 L1(R) be �xed and set f0 = M(u0). Suppose that M
is a MMF on the interval I := f
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and, thanks
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(fb;1; : : : ; fb;N), f 0 = (f 0
1 ; : : : ; f

0
N) two vectors with bounded components. De�ne

the following spaces:

�+
k = f(x; t) 2 R+ � [0
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Proof. The absolute value can be decomposed as
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1.3.5 Convergence to the entropy solution.



Stability
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and, using the compatibility conditions (1.3.4), it is possiblecompatibilit
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Observethattheterms
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Chapter 2

Numerical methods for hyperbolic
initial-boundary value problems

This chapter provides some numerical backgrounds for �nite di�erence schemes. The
main references for this chapter are [6, 3, 5] from which most of the contents are
taken.

2.1 The linear case.

The basic example of the hyperbolic type di�erential equation is given by the
advection equation:

ut + aux = 0; (2.1.1)

where a is a real constant, t is the time variable and x is the space variable. This
equation requires initial conditions and eventually also boundary conditions in order
to �nd a unique





The linear case. 59

many ways of doing that approximation. As an example, for a given regular function
u the time derivative @tu(xm; tn) can be approximated by the forward di�erence

�+tu

�t
:=

u(mh; (n+ 1)k)� u(mh; nk)
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De�nition 2.1.6 A scheme Ph;kv = 0 that is consistent with the di�erential
equation Pu = 0 is accurate of order p in time and q in space if for any smooth
function u(x; t)

Pu� Ph;ku = O(kp) +O(hq); as h; k ! 0;

for every (x; t) in the domain of interest and this scheme is accurate of order (p; q).
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The Fourier analysis of finite difference schemes for linear equations 67

2.2 The Fourier analysis of �nite di�erence

schemes for linear equations

The strongest tool for the analysis of the linear PDE is surely represented by the
von Neumann approach, based on Fourier analysis and hence is generally used to
study
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2.2.1 The Von Neumann stability analysis

At the beginning, consider the particular example given by the scheme forward-
backward (2.1.8) for equation (2.1.1) with a > 0

vn+1
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Proposition 2.3.2 The di�erence scheme (2.3.3)
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2.3.1 Examples of 3-point schemes

We present some examples of 3-point schemes that are conservative and consistent.
Many of them are a generalization of the schemes proposed in the linear case.

Example 2.3.7 (The Lax{Friedrichs scheme.) As in the linear case, the space
derivative A(u)x will be approximated
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Figure 2.3: Lax{Friedrichs.

scheme. In case of non-monotone 
uxes the easiest extension is given by the
Engquist{Osher scheme. We proceed as follows. Let

A+(u) :=

Z u



The nonlinear case.



76 Numerical methods for hyperbolic initial-boundary value problems

The unique entropy solution is continuous even in case of irregular initial data and
is given by

u(x; t) =

8
<
:
�1; for x < �

x
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Theorem 2.4.3 Let (2.3.3) be a monotone di�erence scheme which can be put in
conservation form. Then it is TVD and L1-stable
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2.4.1 Incremen
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2.4.3 TVD
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Then the incremental coe�cients must verify (2.4.13) of Proposition 2.4.12, which
in this case becomes 0 � Dm� 1

2
� 1. As the function � is positive, or eventually

null, this is equivalentlenale8entlenale8entually�m�1.
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On the Barenblatt model for
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3.1 The model.



The model. 91

We will focus on the simplest t
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phase as the average over an elementary macrovolume value of the pressure. In fact,
the 
uid mov
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Figure 3.2: Capillary pressure curves. (1) Drainage. (2) Imbibition, s wetting phase
saturation.

analysis of small core samples using di�erent techniques, all corresponding to
conditions of drainage. From drainage capillary curves we can estimate the
saturation
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Generalized Darcy’s law for two-phase 
ow: the Buckley-Leverett
equation.

Let us assume that phase distribution during the saturation variation is established
quasi-statically through the slowly pushing aside of a displaced 
uid
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form of the type depicted in Figure 3.3, and for each phase there exists an ’immobile’
residual saturation si� such that, for saturations less than si�, all the phase assumes
a dispersed (passive) state and its relative permeability is equal to zero. There is

e ermeabilit y

h t



96On the Barenblatt model for non-equilibrium two-phase flows in porous media

realized with di�erent techniques were recently developed, th



The model. 97

and, using (3.1.12) and (3.1.16), one has

p1 = P +

Z 1

s

pc(s)F
0(s)ds� pc(s)[1� F (s)];

p2 = P +

Z 1

s

pc(s)F
0(s)ds+ pc(s)F (s): (3.1.17)
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In general, the shape of the relative permeability curves and the local equilibrium
phase distribution in an elementary v
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nonequilibrium e�ects, that is connected to the increase
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where  (0) = 0 and  (x) > 0 for x > 0. This equation together with (3.1.24)
constitutes a close system. Expanding  in a linear way with unit coe�cients, we
�nd

~s
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and, in order to have water displacing oil, the 
ow rate is taken as positive (water
is pumped in the tube from the left). The observed phenomenon is characterized by
the formation of a sharp interface between pure oil and some mixed state u = u�
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subscript o) depend on the saturation of the 
uid and they can be considered as the
product of the saturation of the phase with the average velocity of the phase itself.
The basic idea in both cases is that the average velocity becomes 0 when u tends to 0
(the few molecules present are bound to the substrate) and approaches 1 as u tends
to 1 (the whole 
uid is 
owing at this rate). As an example, if u =
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3.2 Analytical results

In this section we recall some analytical results proved in [14
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betw
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region; it follows that solutions of this kind exist globally.
The model which gives rise to equations (3.2.1)-(3.2.3) (as well as the classical
Muskat-Meres model leading to the Buckley-Leverett equation (3.2.4)) is an interme-
diate asymptotic one, so it is b
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(A4) there exists a constant � > 0 such that f
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(iii) for any interval (t1; t2) � (0; T ),

lim
x!0+

1

x

Z x

0

Z t2

t1

ju(�; �)
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Proposition 3.2.11 Let (v; z) be a solution of problem
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Theorem 3.2.14 Let theetthe et
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For the proof see [14].
The following theorem is a classical regularity result due to Kru�zkov (see Lemma 5
in [12]).

Theorem 3.2.17 Fix L, T > 0. Let V be a measurable bounded function in
[0; L) � (t1 � t0; t2 + 1 b
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Proof of Theorem 3.2.14. On the score of standard density argumen





Numerical schemes 115

3.3 Numerical schemes

In this section we present three numerical schemes for the approximation of the
solutions of the Barenblatt problem (3.2.1)-(3.2.3). In particular, the Diagonal-
2point and the Diagonal-4point methods have been derived rewriting the equation
(3.2.1) in the unknowns v; z introduced in (3.2.10). Therefore in both cases we
discretize the companion system (3.2.18). The main di�erence between these t
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the scheme for i � 1; n � 0 reads

w0103 581Tj
4-5 08 Td




118On the Barenblatt model for non-equilibrium two-phase flows in porous media

3.3.2 Diagonal-2poin
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The �rst equation in (3.3.15) can be written as



Numerical schemes 121

t
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the coe�cients �x;�t represent space and time steps, and we call:

x
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Now, with the trapezoidal rule we obtain the second equation of the scheme

veme
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(for example with the use of the Newton’s method) and the �rst equation of the
scheme is

znj+1 = h�1

�
znj +

�x

2�
[vnj+1 + vnj � g(znj )]

�
: (3.3.31)

Then, using (3.3.31)-(3.3.26)-(3.3.27) in (3.3.28), we �nd the equation:

zn+1
j+1 = zn+1

j � � ��g(zn+1
j ) +
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At the boundary cells corresponding to (j = 0; n � 1) the scheme reads
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� =
�t

2�a
; (3.3.51)

� =
�x

2�
; (3.3.52)

thus the scheme can be rewritten as follows. In particular, (3.3.47) reads

zn
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In the same way, one can obtain (v
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so that

�0 =
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�(1�
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and, using (3.5.4), we obtain (3.5.3). In order to ensure the positiveness of
coe�cients, we need to ask

�x

2�
g0(x) � 1; 8x 2 f(I)

and

1� �� > 0() �t

2�
� 1:

On the other hand

�(1� � � ��) = �

�
1� e� k� � k

2�
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where g(z0
0); g0(z0

0); g00(z0
0) are some �xed functions independent of k.
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The truncation error is given by

T (v
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Lemma 3.5.6 (Consistency in case j = 0; n � 1.) In this case we need to study
equations (3.3.38), (3.3.39) and (3.3.40). Again, we can prove that the scheme is
accurate of order O(k2=�) � O(h2=�).

Proof. Let us write the expansions about (x0; tn):

vn+1
0 = vn0 + kvt +

k2

2
vtt +O(k3) (3.5.33)

= vn0 j
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0
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� = 1
DIAG-4 point

h 
 L
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� = 0:1
DIAG-4 point
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� = 0:
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for x 2 (0; 2); t 2 (0; 2). Evidently, the condition (3.6.8) is satis�ed, while the the
graph depicted in Figure 3.35 shows that the condition (3.6.7) is violated only for
� = 1.

0

0:5

1

1:5

2

0 0:5 1 1:5 2

v0

x

� = 1
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� = 0:1
Upwind DIAG-2 point

h 
 L1 Error 
 L1 Error
0:1 1.704441 0.046209 1.369329 0.113592
0:05 1.622348 0.014179 1.035857 0.072348
0:025 1.369163 0.004605 1.023437 0.068794
0:0125 1.117647 0.001783 1.490354 0.064935
0:00625 1.096265 0.000822 0.357647 0.039824

0.357647
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� = 0:01
Upwind DIAG-2 point

h 




154On the Barenblatt model for non-equilibrium two-phase flows in porous media

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2

’upwind’ index 198



Examples and numerical experiments. 155

In the tables below we present the di�erence
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� = 0:1



Examples and numerical experiments. 161

� = 0:01
Upwind DIAG-2 point

h 
 L1 Error 
 L1 Error
0:1 1.028338 0.092571 0.950831 0.033049
0:05 1.129331 0.045385 0.949452
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� = 0:001
DIAG-4 point

h 
 L1 Error
0:00025 1.997880 0.000934218
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method does not seem to respect the comparison properties of the problem.

Test 3. Let us consider the initial and boundary conditions:

(
u(x; 0) = u0(x) = 1

2
e�(x� 1

2)
2

x 2 (0; 2);

u(0; t) = u1(t) = 1
2
e�(t� 1

2)
2

t 2 (0; 2):

The admissibility condition is

v0 =
1
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In the following tables we present the di�erence
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Test 4. Let us consider the initial and boundary conditions:

�
u(x; 0) = u0(x) = 9

10
� 1

2
x x 2 (0; 1);

u(0; t) = u1(t) = 9
10
� 1

2
t t 2 (0; 1):

The admissibility condition can be written as

v0 =

�
9

10
� 1

2
x

�
+ 2�

�
9
10
� 1

2
x
� �

1
10
� 1

2
x
�

�
x2

2
� 8

10
x+ 82

100

�2 2 [0; 1]; (3.6.13)

u1(t) =
9

10
� 1

2
t 2 [0

1
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Chapter 4

A 
uid-dynamic model for tra�c

ow on a road network

For the description of the mathematical model of tra�c 
ows on road networks we
refer to the book of Haberman [7] and to the papers [10, 14]. The study of tra�c
problems proposes to answer to several questions: where to install tra�c lights or
stop signs; how long the cycle of tra�cto832thequestid
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brakes. The density assumes a discontinuity that propagates backwards along the
queue.
For further details see [7].

4.0.2 Tra�c lights

In [4] the results on Cauchy problems have been extended to the case of time
dependent coe�cients �ij with a �nite number of discontinuities. Indeed, the natural
assumption for the coe�cients of a tra�c light is to take them as varying with red
or green light. Assume f(�) = k�(1 � �), where k is a positive constant. Hence,
�
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(iii) f(;sic
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and,

�̂j 2

8
<
:

[0; �] if 0 � �j;0 � �;
j = n
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and ^
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4.1.2 Examples

Example 4.1.10 (2 incoming - 2 outgoing roads) Here we consider the
particular case
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Example 4.1.13 (Bottleneck)
The simplest application of the 
uid-dynamic model presented in
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Starting with an empty net, (4.2.2) is veri�ed and the boundary data are given by
(4.2.1). Then �rstly the cars from road 1 and 2 reach road 3 and 4 respectively and
the coe�cients should be simply set as:

�1R;3 = �; �1R;2R = (1� �)
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Whenever case (c) (strictly) holds for both junctions (1,4R,1R) and (2,2R,3R), then
rarefactions are generated on roads 1R and 3R and shocks on roads 2R and 4R.
Furthermore we have the
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4.3 Numerical approximation

The velocity v is such that

v(0) = vmax; v(�max) = 0:

As the velocity is a linear function, the maximum � 2 (0; �max) is unique for the

ux:

f(�) = max
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4.3.1 Godunov’s method

We de�ne a numerical grid in RN � (0; T ) using the following notations:

� �x is the space grid size;

� �t is the time grid size;

� (xm; tn) = (m�x; n�t) for n 2 N and m 2 Z are the grid points.

For a function v de�ned on
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Analogously, given an approximation vnm of u at time t = tn, we set

v�(x; tn) = vnm; x 2 (xm � 1=2; xm+1=2); m 2 Z:

The scheme de�nes vnm recursively starting from v0
m.

Let v�(x; t) be the solution of the problem:
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Boundary conditions.

Suppose to assign a
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takes the place of v
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� �x is the space
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and write the scheme in the following form (where the subscript " is omitted):

f
n+1=2
k = H1(�t)fnk ;

fn+1
k = H2(�t)f

n+1=2
k :

Here H1 is any scheme that discretizes the omogeneous equation and H2 is as in
(4.4.6). Fixing " = 0 the relaxed scheme is given, which can be written as

f
n+1=2
k = H1(�t)fnk ;

un+1 = un+1=2 =
P

k f
n+1=2
k ;

fn+1
k = M
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If
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Boundary conditions.

For
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4.5.1 Tra�c lights.

Before showing the numerical experiments on the tra�c light, we need to introduce
the suitable boundary conditions
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Table TL1
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Remark 4.5.1 Notice



236 A fluid-dynamic model for traffic flow on a road network

 0



Numerical results 237

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1



238 A fluid-dynamic model for traffic flow on a road network

 0



Numerical results 239

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 0





Numerical results



242



Numerical results 243

4.5.3 Junction with 2 incoming and 1 outgoing roads.

Recall rule (C)
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In the following table are reported orders and errors for data (4.5.15).
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Bottleneck tests.
Now we want to present some numerical approximations to the equation (4.0.1) with

uxes (4.1.15) and (4.1.16). The next tables
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Since �1;b > �� ’ 0:21, in this case there is a jam formation as sho
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Errors of the three methods are compared in the table b
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4.5.4 Tra�c circles.

In the next pages we present some simulations reproducing a simple tra�c circle
composed by 8 roads and 4 junctions. The numerical solutions have been generated
by the Godunov’s method for h = 0:025 and cfl
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Density at time t = 0.1
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Density at time t = 5
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Density at time t = 10
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Density at time t = 40
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Density at
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Density at time t = 40
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Figure 4.53: Re di Roma simsimo414423604o442723604o09j
16.093l6264 Tf
1 0 0 1 125.7507891o4144
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Figure 4.56: Re di Roma simulation, t = 12:25; h = 0:01; cf l = 0:5.
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